Magnetotransport in three-dimensional systems placed in quantizing magnetic field 
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Based on a thermodynamic approach, we calculate the 
components of the resistivity tensor for 3D electron gas as- 
sumed to be dissipationless in the strong quantum limit. The 
longitudinal resistivity results from Peltier and Seebeck effects 
combined. The components of the resistivity tensor found to 
be a universal functions of magnetic field and temperature. 

PACS numbers: 73.50.Jt, 73.40.Hm, 73.61.Ey 



The electronic transport in 3D solids subjected in 
strong magnetic fields have been of intense investigation 
since the late 1950s. Usually, the transport coefficients 
can be easily found out by means of standard calculation 
of the bulk current and heat fluxes. As was demonstrated 
first in Ref. [jp, in quantizing magnetic fields it is nec- 
essary to take into account the diamagnetic surface cur- 
rents. The total current through the sample cross section 
is given by the sum of both bulk and surface components. 
In this case the transport coefficients found to satisfy the 
Einstein and Onsager phenomenological relationships. 

The main goal of this paper is to present a thermody- 
namic approach to the problem of the 3D electron trans- 
port in strong quantum limit. In this case, the therrnpdy- 
namics of reversible processes known to be valid, o We 
further consider dissipationless 3D electron gas when 
both the conductivity and resistivity tensors are purely 
off-diagonal. We calculate these components using Gibbs 
statistics for variable number of particles assuming that 
the chemical potential of 3D electrons is pinned by an 
external carriers reservoir. Indeed, according to conven- 
tional thermodynamics o the chemical potential, /i, for 
the system conductors+sample is constant at the thermo- 
dynamic equilibrium. Thus, we conclude that 3D elec- 
tron gas is not, in fact, isolated. We argue that the metal 
leads can play the role of such an electron reservoir. Let 
us suppose first that the chemical potential of 3D electron 
gas is fixed. Evidently, in this case the concentration, N, 
of 3D electrons changes with magnetic field. In a strong 
magnetic field, when only few LLs are filled, the absolute 
change in N is of the order of the 3D electron concentra- 
tion, Nq, at B — 0. Accordingly, the number of exter- 
nal reservoir electrons (metal leads) changes. The rela- 
tive variation of the chemical potential of the reservoir is 
given by Sfi/fi = ^N /N m , where N m w 10 23 cm~ 3 is the 
concentration of the electrons in the metal. For a typical 
InSb sample with No = 10 16 cm -3 we have Sfi/fi w 10~ 7 . 
We conclude that the chemical potential of the 3D sys- 
tem is always fixed under the above conditions. More- 
over, we support this idea by calculating Debye screen- 
ing length for 3D electron plasma in quantizing magnetic 



field. It will be shown that the screening length is of the 
order of macroscopic length scale, thus the conventional 
arguments concerning the electron plasma neutrality in 
the sample bulk are violated. Thus, the applicability of 
Gibbs approach for 3D electron gas is justified. 

Let us envisage an isotropic and homogeneous conduc- 
tor subjected to a perpendicular magnetic field B = B z . 
Without spin splitting, the 3D energy spectrum is e n — 
Two c (n + 1/2) + £n, where n = 0, 1... is the Landau level 
(LL) number, lu c = eB/mc is the cyclotron frequency, 

2 

to is the electron effective mass. Then, e n = is the 
kinetic energy of an electron moving parallel to the mag- 
netic field. Without broadening the LL-related density of 
states is given by V = 1/2tt1 2 3 , where lg = (hc/eB) 1 / 2 is 
the magnetic length. In present paper we disregard val- 
ley degeneracy, and, then restrict ourselves within strong 
quantum limit when ftw c » kT. 

We now consider a standard experimental setup with 
Hall-bar geometry sample (Fig.|l|, insert). The sample 
is connected by means of two identical leads to the cur- 
rent source. Both the contacts ("a" and "b") assumed 
to be ohmic. The voltage is measured between the open 
ends ("c" and "d") kept at the temperature of the exter- 
nal thermal reservoir. The sample is placed in a sample 
chamber ( not shown ) with mean temperature To. In 
general, the macroscopic current, j , and the energy flux, 
q , densities are given by 



j = <7*(E-aVT), 
q=(aT-C/e)j-^"VT. 



(1) 



Here, E = VC/e is the electric field, ( — fi—e(f is the elec- 
trochemical potential, and a is the thermopower. Then, 
a , k — LTa arc the conductivity and electron-related 
thermal conductivity tensors respectively, and L — % 
is the Lorentz number. It will be recalled that Eq.fJjJ) is 
valid for a confined-topology sample for which the dia- 
magnetic surface currents \3 are accounted. Both Ein- 
stein and Onsager relationships are satisfied. Actually, 
within strong quantum limit Eq.(|]J) represents x-y plane 
current and energy dissipationless flux caused by electron 
drift in crossed fields El . The x-y plane components of the 
conductivity a and resistivity, p = (a ) , tensors are 
purely off-diagonal. Then, the z-component of the con- 
ductivity tensor is given by the conventional Drude for- 
mulae cr 22 = iVe 2 r/m, where N is the electron density. 
For simplicity, we further assume that r is the energy 
independent momentum relaxation time. 

Let us first examine the charge relaxation and screen- 
ing for 3D solids placed in quantizing magnetic field. In 
general, this effect is described by the continuity equation 
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(2) 



where p e = —Ne is the electron charge density. Let us 
suppose, for example, a thin charged thread ( 1 1 z) with 
fixed charge density, q, per unit length. In this case, the 
problem becomes independent on z. Using Eq.(|]J|) for 
isotropic conductor (an = a) at B = and VT = we 
obtain the conventional screening as p e = —^Ko(r /I). 
Here, K is the first order modified Bessel function of 
the second kind, I — (Dtm) 1 ' 2 is the Debye screen- 
ing length, D = (^jj^J is the diffusion coefficient, 

tm = (47rcr) _1 is the Maxwell relaxation time. In strong 
magnetic field the screening scenario, however, essentially 
differs from that described above. Neglecting retardation 
effects, the current given by Eq. (Jl|) can be re- written @ 
as follows j = — -^-rot(CB). At fixed magnetic field we 
obtain divj = 0, therefore, dp e /dt = 0. The retardation 
effects, if accounted, result in slow charge relaxation anal- 
ogous to 2DEG case a when the amount of charge spread 
in x-y plane found to be proportional to (a yx /c) 2 . We 
argue that Debye screening length could be of the macro- 
scopic length scale for 3D electrons places in quantizing 
magnetic fields. Thus, the electron plasma neutrality can 
be violated in the 3D sample bulk. 

We now discuss the real measurements of the longitu- 
dinal resistivity. It will be remind that for dissipationlcss 
approach in question a xx — p xx — 0. Nevertheless, the 
extraneous resistivity can arise from Eeltier and Seebeck 
thermoelectric effects combined. 0" It is well known 
that the Peltier heat is generated by a current crossing 
the contact of two different conductors. At the contact 
( for example "a" in Fig]]], insert) the temperature, T a , 
electrochemical potential £, normal components of the to- 
tal current, /, and the total energy flux are continuous. 
There exists a difference Aa = a m — a between the ther- 
mopowers of the metal conductor and 3D sample, respec- 
tively. Then, Q a — IAaT a is the amount of Peltier heat 
evolved per unit time in the contact "a". For Aa > 
and current flow direction shown in Fig|l], the contact " a" 
is heated and the contact "b" is cooled. The contacts 
are at different temperatures, and AT = T a — T& > 0. 
At small currents, the temperature gradient is small and 
T a ,b ~ To. In this case, a can be assumed to be con- 
stant, and, hence, we disregard the Thomson heating( 
~ JTVa) of 3D electrons. We argue that within low tem- 
perature measurements the electron temperature could 
be greater than the bath temperature ( for 2D case, see 
Rcf. J8|). The electron gas cooling could occur predom- 
inantly through the contacts of the sample on the leads 
connected to them because of weak electron-phonon cou- 
pling. However, the heat leak via the metal leads can be 
also neglected similar to that in 2DEG case. Q Finally, 
we will consider 3D sample under adiabatic cooling con- 
ditions. 

One can easily demonstrate that the amount of the 
Peltier heat evolved at the contact "a" is equal to that 
absorbed at the contact "b." It will be recalled that the 



current is known to enter and leave the sample at two 
diagonally opposite corners ( Fig.Q, insert). Since the 
energy flux is continuous at each contact, we finally ob- 
tain V ' X T — — j AaT 'j ' K yx . As expected, the temperature 
gradient is linear in current. Then, the transverse elec- 
tron flow associated with the above temperature gradi- 
ent is compensated by that due to the longitudinal elec- 
tric field, since j y = 0. Neglecting ohmic resistance of 
the metal leads the total voltage measured between the 
open ends (" c" and " d" ) is equal to Seebeck thermoemf 
d 

U = J adT = AaAT. The associated resistivity is given 

c 

p = U/jl. Finally, the components of the resistivity ten- 
sor p = (a ) _1 yield 
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SPy X , Pzz = (3) 



is the 3D electron density, fi = 



where N = - (f)^ 
-2fcT • T J2 ln(l + exp((^ - e n )/kT)) is the thermody- 



namic potential, s — a 2 j L is the dimensionless param- 
eter. In Eq.(§) we take into account that for the actual 
case of metal leads Aa ~ —a. According to Eq.(^), the 
power dissipated in the sample is always positive since 
pj 2 > 0. It will be recalled that in strong quantum limit, 
the thermopower of dissipationless 3D electron gas is a 
universal thermodynamiCj-nuantity proportional to the 
entropy per one electron: a 



"eN' 



(4) 



where S = — g is the 3D electron entropy. One 

can demonstrate that both the electron density N and 
entropy S are the universal functions of the reduced tem- 
perature £ = kT/p and dimensionless magnetic field 



fuv c /p 



where v is the so-called filling facto*. 



Following to conventional Lifshitz-Kosevich formalism o 
we can easily derive asymptotic formulae for N, S, and, 
hence, for a, valid within the low temperature and low 
magnetic field limit v^ 1 ,^ < 1: 



N = No 1 + 



(-l) fc sin(27rfci/- tt/4) 



2 *i/2(l/0 jfe Visinhz 

3 00 

S = S + N k W ]T(-l) fc $( z) cospTrta/ - tt/4), 

where $(z) = z J°t s ^ l z . z = ^ 2 &k - kT/hu c is the 
dimensionless parameter. Then, Nq = «-o§£ 3 ^ 2 -Fl/2(1/£) 

and So = ( 3^2(1/^) — |J arc tne 3D electron gas 
concentration and entropy at B = respectively, F n (y) 

is the Fermi integral, tiq — ^ 2 ™^ a is the density of the 
strongly degenerated electron gas at T = 0. 

In Fig.dll) we plot the dependences p yx {v~ 1 '), pi^ 1 ) 



, (5) 



given by Eqs.(||,Q). Both dependences are scaled in units 
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Pc = = where kp = ^/ 2m ^/ h is the Fermi 

vector. Then, the dependence p zz (y~ x ') is scaled in units 
of zero magnetic field resistivity p zz {0) = 1 ^ rp = ffj, 
where I = hkpr jm is the mean free path. The magnetic 
field dependence of the resistivity tensor components can 
be easily understood in terms of 3D density of states. Re- 
ally, in addition to discrete set of LLs the 3D energy spec- 
trum contains a component associated with the electron 
motion along the magnetic field. At fixed p the number 
of occupied states, and, hence p yx ,p zz are smooth func- 
tions of the magnetic field, as well as LLs cross the Fermi 
energy level. Then, the resistivity p remains nonzero be- 
cause of continuous density of states. In contrast to 3D 
electron gas, in 2D case the energy spectrum is essentially 
discrete, therefore leads to quantized Hall resistivity p yx , 
while the longitudinal resistivity p vanishes within Hall 
plateaux. _ 

We now compare our results with experiments. 113 At 
helium temperatures for typical n-InSb sample (no = 
1.2-10 16 cm- 3 , p e = 1.3- 10 5 cm 2 /Vs) we obtain p = 140K, 
£ = 0.03 and, therefore p c = 0.08Om-cm. Thus, the 
Peltier effect related resistivity is p ~ /9 c /20 = 0.004 
Om-cm and hence, is consistent with the values ~ 0.01 
Om-cm found experimentally. 

In conclusion, we found out the magnetoresistivity ten- 
sor components for 3D electrons placed in strong quantiz- 
ing field. The transport coefficients shown are universal 
function of magnetic field and temperature. 

This work was supported by RFBR, INTAS (grant 
YSF 2001/1-0132), and the LSF program (Weizmann In- 
stitute). 



FIG. 1. The dimensionless resistivities p yx , p (scaled by p c ) 
and p Z z/pzz(0) vs v^ 1 for £ = 0.025. The dashed(dotted) line 
represents the classical result for p yx and p zz respectively. 
Inserts: (left) low magnetic field dependence p(u _1 ) given by 
Eq.Q|^); (right) Hall bar experimental setup. 
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